Abstract. -Spiral wave and turbulence control in excitable media by applying periodic pacing on system's boundary is investigated. It is found that spiral waves can be always successfully controlled by boundary periodic forcing with suitable forcing amplitude and frequency. Turbulence caused by spiral-wave breakup is uncontrollable by the boundary pacing, whatever the forcing amplitude and frequency, if the system parameters are in the backfiring (Phys. Rev. E, 48 (1993) R1635) region. We find further that gradient coupling can remarkably improve the control effect of the boundary pacing, by considerably enlarging the controllable parameter area.
The problems of spiral waves and turbulence in excitable media have attracted great attention in nonlinear science and in diverse fields of natural science, in particular, chemical reactions and cardiac fibrillations. Spiral waves and turbulence are often harmful and it is an important task to seek some effective methods for spiral wave and turbulence control. In this regard, boundary periodic forcing is one of the most desirable methods [1] [2] [3] . On the one hand, boundary region control is very convenient, and on the other hand, simple periodic forcing does not require instant measurements and feedbacks of the system variables, and can be easily realized in practical situations. Nevertheless, this boundary pacing method is not always successful. For instance, some experiments explored the use of boundary periodic pacing for cardiac defibrillation [4] [5] [6] [7] [8] [9] . They found that the pacing had only local effect, and could not achieve global control of fibrillation. Recently, we found with the three-dimensional Barkley model that Winfree turbulence can be effectively annihilated by boundary pacing with high control efficiency [10] . However, two problems of crucial importance have not been studied: First, to what extent turbulence in excitable media can be globally controlled by boundary periodic forcing (i.e., the controllability conditions); Second, if, when the direct boundary pacing method fails, we can achieve successful boundary pacing control with the help of some convenient auxiliary means.
This letter will deal with these two problems. We find: 1) It is possible to suppress spiralwave breakup turbulence by boundary periodic forcing in the parameter region without backfiring of wave propagation [11] . However, boundary pacing fails definitely for turbulence control if the parameters are within the backfiring regime. 2) Application of constant gradient field can greatly improve the control results of boundary forcing by effectively enlarging the controllable parameter region. The physical mechanisms underlying the above results are explained.
Let us consider a two-dimensional (2D) Bär model as our example [11] :
This work is mainly based on numerical investigation. For numerical simulations we use simple Euler integral method. We conduct simulations in a network of N × N (N = 256) cells with ∆x = ∆y = 0.4 space variable discretizations. Free boundary condition is used throughout the letter. We fix a = 0.84, b = 0.07 at which eqs. (1) represent an excitable medium. By varying the system can show distinctive characteristics. For < c ≈ 0.069 the system supports stable spiral waves and meandering spirals. As > 0.069, spiral-wave breakup turbulence is dominant.
Our task is to control spiral waves and turbulence (i.e., to replace these undesired objects by ordered planar waves) by periodically pacing a boundary stripe of the system, namely, we modify eq. (1a) to
In eq. (2) F is the pacing strength. Theoretically, the delta function δ(x) is infinite at the boundary x = 0. In numerical simulation of space step ∆x, the forcing amplitude F is scaled as F ∆x , i.e., we apply periodic pacing Γ cos ωt (Γ = F ∆x ) to the 256 sites of the left boundary stripe of the 2D system in our simulations. In fig. 1 we fix Γ = 2 (filled circles) and Γ = 6 (empty circles) and show the regions in -ω plane where spiral waves [12, 13] and turbulence can be successfully controlled by eq. (2) . ω up and ω low are the upper and lower boundaries of the controllable regions numerically justified. By numerical justification of controllability we mean that spirals and turbulence can be fully suppressed within 2000 time units. In fig. 1 the black squares indicate the characteristic frequency of the 2D excitable system without control (in the turbulence region, the square curve denotes the central frequency of the highest spectrum peak of the turbulent data of an arbitrarily chosen cell).
There are several interesting features of fig. 1 worthwhile emphasizing. First, Γ is an irrelevant parameter (as it is sufficiently large). In fig same region of controllability. In the following discussion we will uniquely use Γ = 2. Second, given an the controllable zone in ω is restricted by lower (ω low ) and upper (ω up ) frequency boundaries. The lower frequency boundary is above the square curve. In figs. 2(b)-(f) we start from an initial spiral-wave state ( fig. 2(a) ) with = 0.09. The system evolves to a turbulent state without control ( fig. 2(b) ). With boundary control at frequencies below ( fig. 2(c) ) and above ( fig. 2(d) ) the controllable zone the control fails to suppress turbulence. However, with frequency located in the controllable zone boundary periodic forcing can successfully generate planar waves ( fig. 2(e) ) and propagate these waves to complete suppress turbulence ( fig. 2(f) ). An important feature in fig. 1 , which defines a crucial limitation of the local control method, is that the controllable region has an upper boundary for , B ≈ 0.104. The boundary control can never entirely suppress turbulence for > B , no matter how we vary the control amplitude Γ and frequency ω, and even the shape of the pacing pulses. B is nothing but the threshold of backfiring first revealed by Bär [11] .
The mechanisms underlying the features of fig. 1 can be clearly understood. With boundary pacing control, we excite periodically some part of the region of the medium to generate regular propagating waves, and to use these waves to kill existing turbulence. In this case three conditions are crucial: a) The periodic pacing must be able to generate ordered controlling waves; b) The controlling waves can propagate in the medium regularly; c) The propagating controlling waves can kill turbulence in the competition of both controlling and turbulent waves. These requirements are quite different from those of local feedback control [14, 15] . In the uncontrollable parameter regions of fig. 1 , one can see clearly that one of the above conditions must be violated. First, above ω up the excitable medium cannot follow the highfrequency pacing to generate fast oscillated waves, due to its finite relaxation time. Then condition a) is violated above the upper boundary of the controllable zone. Second, in order that the controlling waves win in the competition with spiral and turbulent waves, the frequency of the controlling waves must be larger than the characteristic frequency of the spiral and turbulent waves [16] . Since the maximum frequency of the pacing-generated waves is the pacing frequency, the condition c) is violated for ω < ω low . Moreover, beyond the backfiring threshold ( > B ) the waves excited by the boundary pacing can no longer propagate regularly. The controlling waves generate turbulence themselves by firing back waves randomly during their propagation (condition b) is violated). Therefore, no global control can be achieved with backfiring for > B , and this region is called as the absolutely uncontrollable (for local pacing) region. Now we can give a clear answer to the first problem raised in the introduction. There exist absolutely uncontrollable parameter regions, characterized by the existence of the backfiring, where no global turbulence control can be achieved with boundary pacing for sufficiently large media. This may be one of the reasons explaining why experiments of boundary periodic pacing failed to globally control cardiac fibrillation. Now we come to the second problem: whether we can improve the control effect with the help of some convenient means as the parameters of an excitable medium fall in the absolutely uncontrollable region. Of course, this improvement should be reached with some restrictions. For instance, the original system parameters (e.g., parameters a, b and in eqs. (1)) are not changed, and the boundary control structure is kept. Suppose eqs. (1) (1) is to fix a certain electrical potential difference to two boundaries (say, x = 0 and x = L). This difference can introduce certain constant electrical field in the internal part of the medium. We can simplify the field to be homogeneous and constant. The qualitative behavior of the control results is not changed by the inhomogeneity of the field. With the application of the electrical field, eq. (2) is now modified by adding a gradient term as [17] [18] [19] [20] 
with E being proportional to the magnitude of the potential difference. In the following we will show, for the first time, that this gradient term can greatly improve the control results by considerably enlarging the parameter region where turbulence is controllable by boundary pacing. In fig. 3 we fix = 0.13 > B which falls deeply in the absolutely uncontrollable region of fig. 1 . Without pacing (Γ = 0) and electrical field (E = 0) the system state is turbulent ( fig. 3(a) ). The number of defects in the medium can be numerically computed, which varies around M = 80 ( fig. 3(b) ). With pacing (Γ = 2, ω = 1.02) and without electrical field (E = 0), turbulence ( fig. 3(c) ) and the number of defects ( fig. 3(d) ) remain practically unchanged. This is well understood since beyond the backfiring threshold no regular wave can propagate at long distance. Without pacing Γ = 0 and with electrical field E = 0.35, turbulence persists as well (figs. 3(e) and (f)). Comparing figs. 3(c) and (d) with figs. 3(e) and (f), the two cases of (E = 0, Γ = 2) and (E = 0.35 and Γ = 0) look similar with their snapshots (figs. 3(c) and (e)) and defect number evolutions (figs. 3(d) and (e)). However, the two cases are essentially different in their dynamical mechanisms. In the former case, defects have zero average velocities and the controlling waves cannot suppress these turbulent waves (therefore, turbulence and a large number of defects exist in figs. 3(c) and (e)). In the latter case, all defects have a nonzero average velocity along the direction of the gradient force, while without pacing control new defects appear continually and maintain turbulent snapshot ( fig. 3(e) ) and keep the number of defects unchanged ( fig. 3(f) ). Therefore, in the present case neither the boundary periodic pacing, nor the electrical field can suppress turbulence if they are applied separately. The interesting point is that turbulence can be quickly controlled when we apply both boundary pacing and boundary potential difference together. Figures 3(g ) and (h) show clearly that with the help of gradient force the periodic stripe pacing can successfully generate planar waves and propagate the planar waves to suppress the turbulent waves. When we release the pacing (Γ = 0) and the field (E = 0) successively after the state fig. 3(g) , the system goes to the desired rest state.
In fig. 4(a) we compare the turbulence-controllable regions in -ω plane with and without constant electrical field. The gradient term can improve the control surprisingly well. The physical mechanism underlying this striking improvement can be clearly understood. The essential influence of the gradient force to the wave propagation of the excitable medium is to make defects and waves move along the gradient direction ( fig. 4(b) ). This influence has two effects simultaneously. On one hand, it reduces the frequency of spiral and turbulence waves of the system due to Doppler effect ( fig. 4(c) ). On the other hand, it makes the pacing-generated ordered waves leave the pacing boundary faster along the gradient direction and this allows the pacing to generate controlling waves with larger frequency. The former effectively moves down the lower boundary ω low while the latter considerably moves up the upper boundary of the controllable zone ω up . These two tendencies effectively increase the threshold B ( fig. 4(d) ), and considerably reduce the absolutely uncontrollable region.
In conclusion, we have studied the problem of spiral wave and turbulence control in excitable systems by applying boundary periodic pacing. The conditions of controllability are specified, based on numerical observations and physically intuitive understandings. Moreover, it is found that the application of gradient coupling can greatly improve the control effects of local pacing and considerably reduce the absolutely uncontrollable parameter regions. It is possible to use this method in chemical reaction experiments for turbulence control if the chemical species in the reaction are charged. It is however still not clear whether one can use the same method for cardiac defibrillation. We hope that one may find some way to take the advantages of the gradient field for low-amplitude cardiac defibrillations.
